PROPAGATION OF LONG WAVES OF FINITE AMPLITUDE IN A LIQUID
WITH POLYDISPERSED GAS BUBBLES

N. A. Gumerov UDC 532.529

Although there exists a large number of analytical and numerical studies of wave pro-
cesses in liquids with bubbles (for reviews of the basic results and bibliographies, see [1,
21), relatively little attention has been devoted tc wave propagation in polydispersed sys-
tems. Propagation of acoustic perturbations in a medium with polydispersed bubbles was con-
sidered in [3, 4]. Some numerical and analytical results for the structure of shock waves
in polydispersed liquid mixtures with a finite number of bubble fractions were given in [5,
6].

In the present paper we consider propagation of long waves of finite amplitude in
liquids with a continuous spectrum of gas bubble sizes using the model of a monodispersed
medium. It is shown that in general this description is not correct. However, if the sur-
face tension only slightly affects the pressure inside a bubble and the process is nearly
isothermal or adiabatic, then in the long-wavelength limit one can introduce effective bub-
ble radii characterizing the average periods of vibration of the bubbles, heat transfer,
and the surface tension on the bubble—1liquid interface. Evolution equations are derived
for waves of moderate amplitude (weak perturbations of Riemann waves) in the plane, one-dimen-
sional case. These evolutions generalize the Burgers — Korteweg — de Vries (BKdV) equations
to larger amplitudes (the BKdV equations for slightly nonlinear waves have been obtained in
[1, 2, 7, and 8]).

1. Basic Equations. The unperturbed homogeneous state of an incompressible liquid
with bubbles of insoluble gas is denoted with a zero subscript. We assume that in each
elementary volume of the medium spherical bubbles are distributed with the density N,(a,)
in the bubble radius g, over the interval A = la_.a,] (o = A) and dny(a,) = Ny(ay)da, is the
number of bubbles with radii between ¢, and a, + da, per unit volume of the mixture. Each
quasi-monodispersed bubble fraction in the mixture with radii between @, and g, + da, is
given a Lagrangian index £ which is treated as a continuous variable. We next assume that
the fraction & is an independent monodispersed phase in a multiphase continuum [9]. In the
perturbed state the parameters of the liquid and of the mixture as a whole do not depend on
£, but the parameters describing the bubbles will be functions of £ (they will be given the
subscript g, where necessary below). For example, dn;(x, t) = N (%, 1)dg, as(x, 1), 02(x, ), mz(x, ) =

é—na&@,pﬂx,f} are the number of bubbles of fraction £ per unit volume of the mixture, their

radius, density, mass, and gas pressure inside the bubble (x is the position vector of the
elementary volume and t is the time). The parameters of the liquid are given the subscript

1 and the integrated parameters of the bubbles (independent of &) are given the subscript 2.
Then the equations of motion of a dilute (a, € 1) polydispersed continuum in the one-velocity
approximation can be written in the form [1, 3, 9]

dymg = 0, dyp; + pvv = 0 (dep + pyv = 0),
d,Ny -+~ Ny yv = 0, pdyv -+ yp = 0 (d; = 9, + vy, 0, = 9/9¢),

o 4v 9
01 [agd?ag -+ %(dtag)‘ -+ -a—édtdg] -+ (;g- = pg— D, (1.1)
4
ocﬁjgﬂw%Nng, p2=5m§N§d§, Oy =1 — 0y =Pl P =01 + Py
A A

0
P2 = Py/Ay.

Tyumen'. Translated from Prikladnaya Mekhanika i Tekhnicheskaya Fizika, No. 1, pp.
88-95, January-February, 1992. Original article submitted February 26, 1991.

0021-8944/92/3301-0079$12.50 e 1992 Plenum Publishing Corporation 79



Here p and p° are the average density and intrinsic density; v is the velocity of the mix-
ture; o is the volume content; v and o are the kinematic viscosity and the surface tension;
the quantities without subscripts (p, V. p) refer to the mixture as a whole.

In the one-velocity approximation we have
917910 = p/py = Neg/Neo (Ne= (p/00)Vro) (1.2)

and hence the size distribution of the bubbles can be expressed in terms of the initial size
distribution.

The system (1.1) is not closed, since it does not contain a relation between Pg and ag.
This relation can be found from the solution of the heat transfer problem between a single
bubble of ideal gas and the surrounding liquid. The solution in the homobaric formulation
[pg = pg(t)], in a coordinate system fixed to the center of the spherical bubble, has the
form [1] (pg =pg, a= ag)

Y

r

—1
km=&%“0HOWﬁ%mn=;ﬂkﬁﬂ*ﬂﬁ&%

04ca(0: T -+ w0, Tg) = Agr~20,(r%9,T) -+ 9,14, (1.3)

adipg + 3v0g0:a -+ 3(ys — 1)ge = 0, ¢g = —2y(0:T¢)r=0»
Tgl,—y = Ty = const, 3,T¢l,—y = 0 (8, = 9/0t, 3, = 0/dr),

where the g subscript denotes gas; r is the radial coordinates; T, w, and q are the tempera-
ture, radial velocity, and heat flux on the boundary of the bubble; the quantities R,, v,,
c,s A, are the gas constant, adiabatic index, heat capacity at cosntant pressure, and thermal
conductivity of the gas, and are assumed to be constants.

We consider wave propagation with the characteristic period ty = Lx/Cyx, where Ly and
Cy are the characteristic wavelength i and propagation velocity. We introduce the dimension-
less variables

’ p s o ’
£ ’ D g ’ P g ’ v
Pg==2, P ==, pg=—", p =", Tg==, V= —
Pgo Py Peo Py 0 Ce’
, x Pt , @ o K Wl + qga (1)
X”L*’t_”t*’a_a_o’ T]—m, ug"—_ao‘_s g—-TZTO—, (1.4)

o . 20 - - ’ , 7 ’
=77 (pg0=po+;{=RngoTov Gh=g, qGg=24a, Ping)-
%o 0

Equations (1.1) and (1.3) show that the behavior of the bubble is determined by three
different time constants

0\ 1/2 2

f1 % B Ay 0

T = ay (p_) ’ Tl,z,}Tl Tu,=IT ”2=@'7 W = P1Vy |»
0 2 2

8 =Tjlty, J=h i (8i="08i(), 8= "05r(E)s 2y =),

characterizing the inertial, thermal, and viscous effects in the interaction of the bubble

with the liquid. The dimensionless parameters §; are the ratios of these time constants to
the characteristic external time ty. In the long-wavelength approximation é; € 1, §, € 1

(see also [10]) and we consider the two cases §y € 1 and 8, » 1 (the gas inside the bubble
is nearly isothermal or adiabatic, respectively).

(1.5)

We introduce the linear averaging operator

(8 = (SgNgog?' da)/(SNgoaadg) (1.6)
A A
(if g does not depend on & then <g> = g) and the average radii [9]
I = [(f Vo )| (Jweer z) ]”‘"'“”’, motn. (1.7)
A A )

Below we will mainly use the dimensionless quantities (1.4) and (1.5) and to simplify the no-
tation we omit the primes on these quantities.

2. Zeroth (Equilibrium) Approximation. Putting §; =0, 8u =0 and §) =0 (Tg =1,
Pg = Pg) or §) = o (Pg = sz), we have
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2[a(®)10(8) = [a(®)1™™ (1 + 20(E)—p (@ = f,(& p)). (2.1)

Here and below % is the polytrope index and is equal to 1 in the isothermal case and vy, in
the adiabatic case; f; is the unique positive root of (2.1). Using (1.1), (1.2), and (1.6),
we obtain the equation of state for the polydispersed medium

0 = oy + ooy {f& & P (2.2)

which is in general different from the equation of state for monodispersed bubbles in a
liquid [1], since bubbles of different sizes deform differently. If the bubble radius or
the pressure of the liquid is so large that surface tension can be neglected, then the size
distribution of the bubbles does not affect the equation of state Ghnfi::jﬁ::p—””) and

G0

p = lagp/(1 — ayp) 1. (2.3)

We consider the first correction to this equation due to surface tension. Expanding
(2.1) in a series in ¢ and keeping only the linear term, find

- LAWY % &, 0 ~%+1/3
p_(T—;—al_OB) {1'{"20’3,2[1—(1_&]09) }1 (2.4)

where 05 , = 0/(pya;,,) [0 is the surface tension and a; , is given by (1.7)]. Hence we
have shown that in the equilibrium approximation to first order in the surface tension the
propagation of long waves in a polydispersed mixture will be the same as in a moncdispersed
mixture with the effective bubble radius a; , [the case of a monodispersed medium is obtained
by putting Ng, = ng8(& — ay), 8(£) is the Dirac delta function and a, is the unperturbed
bubble radius. Then ap = @, for any m and n in (1.7)]. Below the surface tension will be
neglected for simplicity.

It follows from (2.4) that for small a,, perturbation of the pressure p by a small
quantity ~e leads to perturbation in the density p by a quantity ~e0,,. The conservation
equations of mass and momentum (1.1) show that the velocity v is perturbed by a quantity
~gd,,. Converting to dimensionless quantities and neglecting terms O(a,,), we obtain from

(1.1), (1.4}, and (2.4)
dr+rva=0,0n+yp=0,p=ar=>1-—-rx (2.5)
(r = oz (0 — 1), uw = gV, Ce = [Pe/(013006)1"°)-

The system of equations (2.5) describes the motion of a barotropic gas and in the plane
one-dimensional case has a simple Riemann wave solution. For waves traveling to the right

O+ ¢(r)0r =0, e(r) = [a' (N2 = [x(1 — )12 = U'(r), (2.6)
w=U@r), U= = —In (1 — 1), Ulypy = 2x13x — 1) Y1 — r)-x~D/2,

Here a prime denotes differentiation with respect to the argument; c(r) is the constant den-
sity propagation velocity, which can be shown to cbey the equation

B¢ + cde = 0. (2.7)

When x = 1 the pressure of the mixture p = 7w(r) = c(r) satisfies (2.7).

3.  Interphase Heat Transfer. In terms of the variables (1.4) [d, = a9, 9, =3, —
a™Y(d,;a)ndy ] the heat problem (1.3) reduces to
@ (Pa0els — 4" (92— 1) Tedpg) = 8 [Ton ™00 (00T ), — (@uT g + g) 00T

: (3.1)
32Pe 010 + 2 01pg + 39,07 gy = 0, gg = — InTeln=1r Lo lnma = L.

We consider thick (§, « 1) and thin (§) » 1) thermal boundary layers in the bubble.
A. §) € 1. We expand Tg and g in asymptotic series in the small parameter §j:
Ty = Tgo -+ ,Tgy + oo Gs = G0 - ser + s Ges = —Teslyyy 7 =0, 1 ... (3.2)
Substituting (3.2) into (3.1), we obtain Tgo = 1, dgo = 0 and

N 200 (20T g1) = — (1 —v:Y) a*0ipg, N 20 (P0nT ) = (3.3)
= — ToM 20y (0T a) + (0T a1 + N9e1) 0T g+ a* (pgatTgl‘—%
—(1—9") Tglatpg)7 Toila=1 =0, j=1,2, ...
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Solving (3.3) simultaneously, we find
1 _ 1 N .
Tg1=’g(1~Y2 (=) a®ipgy Gn = ’3‘(1‘—\(2 ") a* dupg,

1
92 = — T3 a,ng 1 g1.

Substituting the expressions for dga and g, into (3.2) and into the energy integral (3.1),
and integrating with respect to t in the linear approximation in §), we have

Pe= a_3[1 — % (1 —7vz") 8 6ta} =a %[t — 8, F (a, D). (3.4)

This is the required relation between p, and a, in the case when the behavior of the bubble
is nearly isothermal. We note that (3.%) can be obtained using a different method by intro-
ducing the Nusselt number for the interior problem Nuy, = 10 [1]. However in [1] the value
Nu, = 10 was found from the solution of the linear problem of small harmonic vibrations of
the bubble with a frequency approaching zero.

B. 8, » 1. In most of the bubbles the temperature follows the adiabatic law Tg =
pi~/Y2 and its spatial variation is confined to a narrow layer of thickness ~65\1/2 near
the boundary. Introducing the variable [ = 8/{/2(1 ~n) and letting ¥ = pé”‘l/YzTg, in the
zeroth approximation we obtain from (3.1)

1/, —1+1/9,
a®pg 2 Oy, = 7,08 4+ (4 — 0 s Ahmo =D P Y fomew =1, (3.5)
_ —1+1/y .
q = 9y lg=0 = 82 pg *qg

—1/2 —1/\’2 -2

Pg 01Dy + 37,0 0 = — 3v,07 Ppg ey

It is evident that the quantity q is of order unity and depends on a, Pg> and t. Hence

we find from the energy integral p,=a {1+ 0(6;?)) [it then follows that azp;/v2=a‘1+
0(8;7'%) and p;1+1/v2 _ 2 1+ 0(8;**) and these relations can be used in the coefficient in
front of 3;x and in the boundary condition for ¢ = 0 in (3.5)] and
1
pe=a (1 — & F (. 1), F=3y,{aq@®, (3.6)

0

It is a very complicated problem to obtain an explicit expression for F. If the tempera-
ture inside the bubble does not vary very sharply [the quantity pg'1+1/Y2 is close to unity,
which occurs for relatively small amplitudes or when the adiabatic index y, is close to unity
(a "heavy" gas)] we can put t > 6 and linearize (3.5) in x and then we obtain a linear heat
conduction equation in the coordinates (8, 7) and we can calculate F as

£

. [
3y 30 5y — 1) a () dx
F:_T/}%g[a B@—emp e(t)=5“(t)dt' .71

0 o

If in addition the amplitude of the perturbation in a is small (Ja — 1| € 1) then

t
My (= 1) (( la () — 1] dr (3.8)
F=— Va J (t — /2 )

In addition to the methods described above, there are other ways of approximately taking
into account interphase heat transfer in a medium with bubbles. An example is the use of an
effective viscosity [1]. This method uses the solution of the linear heat transfer problem
for a bubble and from the damping decrement of the normal vibrations of the bubble one arti-
ficially introduces an effective viscosity in the Rayleigh—Lamb equation [1]

- B (Vo= 1) 1z aya (%P, \V4 (3.9)
Vet = v, + 4_1/2 ay A pg . .
Using voff as an effective viscosity, 7, in (1.5) will depend on ¢ (ay = £) [the quantities
in (2.9) are dimensionall.

4. First Approximation. Using (3.4) and (3.6), the dimensionless Rayleigh-—Lamb equa-
tion is written in the form
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p=ai™ { f—a¥ ia% (agdiag + %(dtag)Z) + 4805 dias + Opaz " Flaz, t)]}~ (4.1)

Here 87 = 6&1/2 when 8, » 1 and ér = §) when §) <« 1 and F(ag, t) corresponds to F from (3.5)
in the first case and to F from (3.4) in the second.

We see from (4.1) that ay=—=A[1+ 0(8}, 6, 07)], A=p ¥, Putting 8 ~ 6, ~ 87 ~ § and
substituting this expression for a; in the terms ~8 in (4.1), we find, neglecting terms ~§?

o S {sta ] e )

We next apply the operator < > (1.6) to both sides of (4.2). According to (1.1) and (1.2)
we have a,/(0,yp) on the left-hand side, while the right-hand side keeps the same form, in
view of the linearity of the averaging operator and the fact that p and A are independent of
£. The only change is that the average values <6§>, <§,>, and <8p> appear in place of the
corresponding values of §. These average values can be expressed in terms of average radii
defined by (1.7). Indeed, from (1.5), (3.4), (3.6), and (3.9) we find

8 =ity j =iy s Ty {2y = (W)% ©f = a5 (03/s)"",
1) (T =T =T <) =T T =G/ %, (4.3)
2) (T =T =T <tr> =8 ()7 T = a5/,
3y, —1 2
3) tr=0, {ty) = T: = V:ffp(l)/l?m 'V:ff = v+ —(4272—1017/ %;/2 (

=3

1/4
a%po >
2

0
o1

where the cases 1, 2, 3 correspond to heat transfer with thick 63 € 1, % = 1) and thin (§) »
1, % = y,) thermal boundary layers and to heat transfer with an effective viscosity.

Therefore to terms 0(82) (4.2) can be rewritten in the form of an equation of state

pm (51 (A2 + 3 (@Ap) + 4047 dA + 6347%F (4,1)], o)
A = [(1 — ap)/(@e0) "2 = (1 — )3,

which together with the conservation of mass and momentum equations for the mixture [for
example, the first two equations of (2.5) with dy = 3] forms a closed system of equations.
In other words, if the effect of surface tension is negligibly small, then in the first ap-
proximation in the small parameter § we have 1) when §, « 1 propagation of long waves in a
polydispersed mixture is analogous to propagation of waves in a monodispersed system with
the same physical parameters of the two phases, the same volume fractions in the mixture, and
with the effective bubble radius as j; 2) when 8§, » 1 and in the effective viscosity method
such a direct analogy does not exist since heat transfer is determined by a smaller effective
bubble radius than the inertial effects (a;, <C aq/53 << @55, this can be shown with the help of
Hélder's inequality [9]). Nevertheless wave propagation in a polydispersed mixture can be
described in terms of the model of a monodispersed medium using corrections for polydisper-
sion in the coefficients. The bubble radius in the model of a monodispersed medium is then a
function of the density [A, see (4.4)].

5. Perturbation of Riemann Waves. We consider (2.5) and (4.4) in the case of plane
one-dimensional waves

o+ du =0, de + 0,p =0, p=n(r)— 8¢ (t,r, 0, 0%r), 6 1. (5.1)

When § = 0 a solution exists in the form of the simple wave (2.6), which can be repre-
sented as ¥ = ¥(x — c(r)t] (y is the any of the required functions). We assume that the
correction ~& in the equation of state perturbs the solution by a quantity ~§ [u = U(r) +
Su,(x, t), where u;(x, t) ~ 1]. Then one expects that the perturbation leads to a 'slow"
(time scale &8t) time dependence of the Riemann solution in a co-moving coordinate system
p = ¥(x — c(r)t, 8t), i.e., u; satisfies the equation dtu; + c(r)dzu, = 0(§). Substituting
the above expression for u into the first equation of (5.1) and adding the result to the
second equation dividing by c(r), we have from (2.6) and (5.1)

3 + ¢ (r) 0sr — ~ 8 e (N 0x (£, 7, 4. 9%) = 0. (5.2)
2

The time derivatives appearing in the equation for ¢ can be replaced by derivatives
with respect to the spatial variable x:
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O = —c(r) 8 + O(8), &r = 2(r) 0% + 2¢ (1) c'(r) (8ar)* + O (B).
The residual term here is not significant, since (5.2) was obtained in the linear approxima-
tion in §. 1In addition, in (5.2) we can substitute a Riemann wave u = U(r), p = w(r) and
find wave equations for u and p. For example, using (4.4), we have for p

1 —
a:p + %1/2p(u+1)/(2n)a {p—!— (6 )2 1+1/(3%) [paxp-l- o (Oxp)z]

_ ';3,‘ T R LT 1 L st pF (p=1/), t)} —o. (5.3)

In general (5.3) is an integrodifferential equation (because of F) but .it becomes a
differential equation if we assume the effective viscosity approx1mat10n (GT 0) or if we
assume that the behavior of the bubbles is nearly isothermal (x =1, 8r =63, 0 —-6M) In the
latter case

ap + po{p + & (81) p [pf?xp + 3 (6xp)2] — 2 6,0:p — 5581 (1 — 7" p“’36‘xp} =0. (5.4)

This equation takes on a particularly simple form when (8})®< 8, 8, <8y (this occurs in
the case of small bubbles in a very viscous liquid):

2
9:p + pd=p — 5 8,p0zp = 0. (5.5)

6. €8 Approximation. We assume that the relative amplitude of the pressure perturba-
tion is small ([p— 1] ~ € €« 1) and § ~ €®, n > 0. Neglecting terms ~e§ (~eP*!) in com-
parison with unity [linearizing the dissipative-dispersion terms in equations like (5.2)], we
can write (5.3) in the form

a:p + »* ﬁap m&aFO——4p_Qt%__§£p+_ U“&Yﬁp=0

(6.1)
(B() = (x + 1)/(2%)).
When % =1, ;< 1 we obtain from (5.4) and (6.1) the BKdV equations
2 1 *\2 13
0ip + poxp — 5 8%,0%p + 7 (81 ) 6kp =0,
3 Ou0=P 8 (6.2)

Oy, = B + 5 (1 — 972 8 (87 = 0, i = vy + o5 (1 —777) poed.a/ (p3%,)),

which can also be obtained using the effective viscosity method (5T 0, v = vgff), where
veff differs from the effective viscosity introduced in (4.3).

When % =17,,08,>>1 one can use the linear solution (3.8) for F in (6.1). Replacing the
differentiation with respect to x by differentiation with respect to t and assuming that the
process evolves in time from -, (6 1) takes the form

1 d 2 1
dep + ¥ pPo.p + (V a) %Vtr — 5 8u02p + 5 v (83) olp =0, B =P (v, (6.3)
A —o00

Assuming § ~ € (n = 1) the nonlinearity can be taken into account in the quadratic
approximation, as is done in the usual method of deriving the slightly nonlinear long-wave-
length equations [11]. Then (6.3) is similar in form to the integrodifferential equation
of [2]; however, in [2] the kernel of the integral was an exponential, which corresponds
to the case 6%' € 1. In the effective viscosity method onme puts Y, = %, §} = ®, and M = &
[see (4.3)] into (6.3); then in the quadratic approximation (6.3) reduces to the BKAV equa—
tions {1, 21.

7. Discussion. The procedure for obtaining asymptotic solutions in the limit § > 0 in
Secs. 4-6 assumes that the derivatives are finite [ dfa =0(1), dp =0 (1) 1, which is true for
all x and t when the wave spectrum does not contain high-frequency harmonics (for example,
in systems with strong dissipation for rarefaction waves, weak long waves, long waves in the
initial stages of evolution, and so on). However one would not expect this assumption to be
valid for compression waves with amplitudes € 2 1, since the scale of the wave structure is
also determined by dispersion and dissipative effects, which are supposed to be small accor-
ing to the expansions used here (actually the wave structrures correspond to regions where
the asymptotic expansions are nonuniform). Nevertheless the effective bubble sizes found
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above can be used to estimate the dimensions of these regions for compression waves of
moderate amplitude in a polydispersed mixture using the known results for a monodispersed
mixture [1].

The equations of the e§ approximation are of interest, since they are intermediate
between the equations of the quadratic approximation in ¢ and the equations for simple waves.
The €§ approximation fully takes into account the hydrodynamic nonlinearity and the non-
linearity of the equilibrium equation of state, therefore it can be used even for large-
amplitude waves, when the equilibrium approximation (§ = 0) is justified. On the other
hand, the equations of the £§ approximation are no less rigorous than the equations of the
e? approximation and can be used to describe slightly nonlinear waves with dispersion and
dissipation. We note that the equation for ¢ [see (2.7)] is the same in the ¢? and €§ ap-

proximations [for example, (6.2)].
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